An effect generated by the nonexponential behavior of the survival amplitude of an unstable state in the long time region is considered. In 1957 Khalfin proved that this amplitude tends to zero as → ∞ more slowly than any exponential function of . This can be described in terms of the time-dependent decay rate γ( ) which, when considered with the Khalfin result, means that this γ( ) is not a constant for large but that it tends to zero as → ∞. We find that a similar conclusion can be drawn for a large class of models of unstable states for a quantity, which can be interpreted as the "instantaneous energy" of the unstable state. This energy should be much smaller for suitably larger values of than when is of the order of the lifetime of the considered state. Within a given model we show that the energy corrections in the long ( → ∞) and relatively short (lifetime of the state) time regions, are different. This is a purely quantum mechanical effect. It is hypothesized that there is a possibility to detect this effect by analyzing the spectra of distant astrophysical objects. The above property of unstable states may influence the measured values of astrophysical and cosmological parameters.
Introduction
According to the text-book interpretation of the quantum theory the state vector |Φ( ) contains all information about the physical system which is in this state at time . The vector |Φ( ) can be found by solving the Schödinger equation
where |Φ is the initial state of the system at = 0 = 0, |Φ( ) |Φ ∈ , is the Hilbert space of states of the considered system, |Φ( ) = |Φ = 1 and H denotes the total selfadjoint Hamiltonian for the system. Thus |Φ( ) = U( )|Φ and U( ) = − H is the unitary evolution operator. In many cases instead of considering and solving Eq. (1) it may be more convenient to study the time evolution in some closed subspace of and properties of the effective Hamiltonian H || ( ) governing this time evolution (for details see [1] [2] [3] [4] [5] [6] ). In particular, such an approach seems to be effective in the most general description of the early as well as the long time behavior of a given unstable state |φ( ) . In such a case the total space splits into two orthogonal subspaces:
|| and ⊥ = || . We have || = P |Φ( ) || def = P|Φ( ) , where P = P 2 = P + is the projection operator, and ⊥ = Q , Q = I − P. Considering unstable states one assumes that they are described by vectors belonging to the subspace || and thus the subspace ⊥ describes their decay products. The condition guaranteeing the occurrence of transitions between subspaces || and ⊥ , ie. the decay of states in || is the following: [P H] = 0. It is also usually assumed that these unstable states are prepared at = 0 and then evolve in time ≥ 0 = 0. If states in the subspace ⊥ are not occupied at the initial
= Q|Φ( = 0 ) = 0 then the evolution equation for the subspace || has the Schrödinger-like form for ≥ 0 = 0,
where the effective Hamiltonian H || ( ) can be found using the following relation [6] ,
Here U || ( ) ≡ P U( ) P is in general the nonunitary evolution operator for the subspace || , so |Φ( 
Now let us focus our attention on a given state |φ and let us consider the projector P defined by normalized vector |φ ∈ . Then [6] P ≡ P φ = |φ φ| (5) and
this case the evolution equation (2) transforms into
where φ ( ) ≡ φ|φ( ) and the "effective Hamiltonian", φ , for the one-dimensional subspace of states || has a simple form
Note that this φ ( ) is equivalent to the so-called weakvalue [7] [8] [9] [10] [11] of the total Hamiltonian H. Indeed from (6) and (1) it follows that
This together with (7) means that
which is exactly the weak value of the observable H for a system prepared in the state |φ and then found in the state |φ( ) (see [7] [8] [9] [10] [11] ). Solutions of (6) have the following form
where
If one considers the time evolution of the unstable state, |φ , then φ ( ) is simply the survival amplitude for this state (i.e. it is the probability amplitude of finding the system at the time in the initial state |φ prepared at time 0 = 0),
There is φ (0) = 1 (12) A convenient method of selecting such states as |φ , considering and defining the projector P = P φ , is to split the Hamiltonian H in two parts, H (0) and H (1) : H = H (0) +H (1) , such that the state |φ is an eigenvector of H (0) for the discrete eigenvalue E (0) φ and H (1) induces the transition from || = P φ to ⊥ (see [12] [13] [14] ).
The amplitude (11) determines the decay law, φ ( ), of the state |φ decaying in the vacuum
Note that in such a case one does not control whether the system is in the considered unstable state |φ at intermediate instants τ, such that 0 < τ < , or not. The decay rate γ φ of the state |φ equals
Using (7) it is not difficult to find that
Similarly, the real part of φ ( ) can be identified with the instantaneous energy, φ ( ), of the system in the state |φ under consideration at time . Indeed if |φ is an unstable (a quasi-stationary) state then one finds that, with the use of the Weisskopf-Wigner approximation [12, 13] for the case described after formula (12) , that for a wide time range
where ∆ φ describes the shift of the level E (0) φ caused by interactions H (1) (see [14] and also [6] ). According to the experimental results the quantity
is, in the case of excited atomic levels, the energy of the considered excited level φ and such an energy is carried away by a photon emitted during deexcitation process. So, from (16) it follows that
in the case of quasi-stationary states, i.e. as detailed in the formulae (7), and that the energy 0 φ of the system in this state equals
for all times for which the Weisskopf-Wigner approximation is valid (here ( ) and ( ) denote the real and imaginary parts of respectively). It seems to be reasonable to extend this interpretation of (19) to all values of and to consider
as the instantaneous energy of the system in an unstable state |φ at time . So, in summary
In the general case φ ( ) has the following form:
where |φ denotes an unstable state of the system under consideration, φ = φ|H|φ , φ ( = 0) = 0 and
(for details see [6] ). For a stationary state, e.g. |α , one obtains α ( ) ≡ α . Note that relations (7) and (6) establish a direct connection between the amplitude φ ( ) for the state |φ and the exact effective Hamiltonian φ ( ) governing the time evolution in the one-dimensional subspace |φ . Thus the use of the evolution equation (6) or the relation (7) is one of the most effective tools for the accurate analysis of the early-and long-time properties of the energy and decay rate of a given quasistationary state |φ( ) . Using these tools early time and long time properties of γ φ ( ) in the most general physically admissible case were analyzed in [6] . In order to conduct a complete analysis the early-as well as the long-time properties of the energy φ ( ) require consideration.
From basic principles of quantum theory it is known that the amplitude φ ( ), and thus the decay law φ ( ) of the unstable state |φ , are completely determined by the density of the energy distribution ω( ) for the system in state [15] ,
where ω( ) > 0. Note that (22) and (12) mean that there must be
From the last property one concludes that ω( ) is an absolutely integrable function, ω( ) ∈ L 1 (−∞ ∞). Therefore, the amplitude φ ( ) is the Fourier transform of ω( ) (see (22) ) and thus from the Riemann-Lebesgue Lemma it follows that φ ( ) must tend to zero as → ∞ [15] . In [16, 17] assuming that the spectrum of H must be bounded from below, (S (H) > −∞), and using the Paley-Wiener Theorem [18] it was proved that in the case of unstable states there must be denotes the time at which the nonexponential deviations of φ ( ) begin to dominate (see [14, 16, 17] , [19] - [22] ). From this analysis it follows that in the general case the decay law φ ( ) takes the inverse power-like form −λ , (where λ > 0), for suitably large ≥ τ φ [14, 16, 17] , [19] - [21] . This effect is in agreement with the general result (24) . Effects of this type are sometimes called the "Khalfin effect" (see [23] ). The problem of how to detect possible deviations from the exponential form of φ ( ) at the long time region has attracted the attention of physicists since the first theoretical predictions of such an effect [22, [24] [25] [26] . The subsequent tests which have been performed over many years to examine the form of the decay laws for τ φ have not indicated any deviations from the exponential form of φ ( ) in the long time region. This is likely attributable to the use of unsuitable states in these tests. For example, as it was stated in [19] (see the end of §19.2, Chap. 19), in the case of nuclear de-excitation by γ-ray emission in order to destroy most of the exponential-decay curve, one should have to move the detector away from the source of the emission to a distance of approximately 1 6 × 10 25 [m]. Despite the negative results of the aforementioned tests, conditions leading to the nonexponential behavior of the amplitude φ ( ) at long times have been studied theoretically [27] - [33] . Conclusions from these studies were applied successfully in the experiment described in [34] , where the experimental evidence of deviations from the exponential decay law at long times was reported. This result gives rise to another problem which now becomes important: if (and how) deviations from the exponential decay law at long times effect the energy of the unstable state and its decay rate in this time region. Note that in fact the amplitude φ ( ) contains information about the decay law φ ( ) of the state |φ -strictly speaking, about the decay rate γ 0 φ of this state, as well as the energy 0 φ of the system in this state. This information can be extracted from φ ( ). The standard interpretation and understanding of the quantum theory and the related construction of our measuring devices are such that when detecting the energy 0 φ and decay rate γ 0 φ one is sure that the amplitude φ ( ) has the form (16) and thus that the relation (18) occurs. The aforementioned above deviations of the decay law φ ( ) from the exponential form can be equivalently described using a time-dependent decay rate γ φ ( ). In terms of such γ φ ( ) the Khalfin observation that φ ( ) must tend to zero as → ∞ more slowly than any exponential function means that γ φ ( ) γ 0 φ for and lim →∞ γ φ ( ) = 0. From (24) it follows that in a general case (see [6] ) (25) where λ ≡ 1 − > 0. The aim of this paper is to examine the long time behaviour of φ ( ) using φ ( ) calculated for the given density ω( ). We show that φ ( ) → ∞ φ < 0 φ as → ∞ for the model considered and that a wide class of models have similar long time properties: φ ( ) →∞ = 0 φ . It seems that in contrast to the standard Khalfin effect [16, 17] in the case of the quasistationary states belonging to the same class as excited atomic levels, there is a possibility of detecting the long time properties of the energy φ ( ) by analyzing the energy of light laser beams at very long (planetary) distances from a place of their emission. Alternatively, detection can occur through analysis of the spectra of very distant stars, or by suitably modifying the test described in [34] . This paper is organized as follows. In Sec. 2 the aforementioned model is considered. Sec. 3 contains an analysis of some general case of φ ( ) causing φ ( ) to tend to 
The model

Let us assume that S (H) = [ ∞), (where, > −∞), and let us choose ω( ) as follows
where N is a normalization constant and
For such ω( ) using (22) one has
Formula (27) leads to the result
where E 1 ( ) denotes the integral-exponential function [35, 36] . Using (27) or (29) one easily finds that
and
Using the asymptotic expansion of E 1 ( ) [36] ,
These two last asymptotic expansions enable one to find (see (34) )
Thus, there is
for the considered case (26) of ω( ).
These suitable times can be estimated using relation (36) . From (36) one obtains
Relations (38) 
Assuming that the right hand side is equal to the left hand side in the above relation one gets a transcendental equation. Exact solutions of such an equation can be expressed by means of the Lambert W function [37] . An asymptotic solution of the equation obtained from the relation (49) is relatively simple to find [38] . 
A more general case
In more realistic models the density ω( ) has a more involved form than that discussed in previous sections. Usually it is a product of (26) and two another functions (see [20] ). The first of these is a threshold factor describing a behavior of the density ω( ) for , which is responsible for the long time properties of amplitudes φ ( ). The second function ensures a suitable behavior for ω( ) for → ∞. Nevertheless, all such ω( ) lead to φ ( ) having similar asymptotic form,
where λ > 0 and are complex numbers. The simplest case occurs for = 0. Note that the asymptotic expansion for φ ( ) of this or a similar form is obtained for a wide class of densities of energy distribution ω( ) [14, 16, 17, 20, 21, 23] , [27] - [35] , [39] . From the relation (51) one concludes that
Now let us take into account the relation (6) . 
Concluding remarks
Let us consider a class of unstable states formed by excited atomic energy levels, and let these excited atoms emit electromagnetic waves of the energies 0 φ = 0 ≡ ν 0 (where ν 0 denotes the frequency of the emitted wave, and 0 is the energy emitted by an electron making a transition from the energy level to the energy level ). Then for times > , according to the results of the previous sections, there should be
So, in the case of electromagnetic radiation in the optical range registered by a suitably distant observer, this effect should manifest itself as a red shift. In a general case this effect should cause a loss in the energy of the emitted electromagnetic radiation if the distance between an emitter and receiver is suitably large, that is if the emitted radiation reaches such a distance from the emitter that the time necessary for photons to reach this distance is longer than the maximal range of time in which the exponential decay law for the excited atomic level emitting this radiation remains valid. It seems that this effect may be significant for the attempts to transfer the energy across planetary or cosmic cosmic distances, e.g beams of electromagnetic radiation or laser beams of light. It can be easily verified that relation (45) does not depend on the redshift connected with the Doppler effect [40] . Therefore, it seems that there is a chance to detect the possible effect described in this paper using relation (45) and analyzing spectra of distant astrophysical objects. Another chance to observe this effect is to modify the experiment described in [34] in such a way that the emitted energy (frequency) of the luminescence decays could be measured which could make it possible to test relations (55) or (47).
In closing, cosmic distances and other parameters computed from the observed redshift of very distant objects emitting electromagnetic radiation [41] are calculated without taking into account the possible quantum long time energy redshift described in Sec. 2 and Sec. 3, so these distances as well as values of these parameters need not reflect real distances and real properties of astrophysical objects.
